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Abstract
A tree decomposition of a graph G is a family of subtrees whose sets of edges partition the
set of edges of G. The arboricity is a trivial lower bound for the minimum number, (G), of
trees in a tree decomposition of G. We prove that a(G) = (G) for all graphs with minimum
degree ¿ n=2 and order n. The bound on the minimum degree is best possible.
c© 2003 Elsevier B.V. All rights reserved.
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1. Introduction
Let G=(V; E) be a connected simple graph. An edge decomposition of G is a family
of subgraphs whose sets of edges partition E. When each subgraph is acyclic we have
a forest decomposition. The arboricity of G is the minimum number of forests in a
forest decomposition of G, and it is denoted by a(G). When each forest is connected,
we have a tree decomposition. The minimum number of trees in a tree decomposition
of G is the tree number of G and it is denoted by (G). Since each forest on m
vertices has at most m− 1 edges, a0(G) = |E|=(|V | − 1) is a trivial lower bound for
both the arboricity and the tree number of a graph G. The arboricity is clearly a lower
bound for the tree number. On the other hand, Chung [2] obtained the non-trivial upper
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bound, (G)6 |V |=2, for connected graphs with no multiple edges. Therefore, we
have
a0(G)6 a(G)6 (G)6 |V |=2:
Thus, for complete graphs, the lower and the upper bound of the inequalities given
above coincide, a0(Kn) = (Kn) = n=2.
There is a well-known formula for the arboricity of a graph given by Nash-Williams
[6], namely
a(G) = max
{⌈ |EX |
|X | − 1
⌉
; X ⊂ V; |X |¿ 1
}
; (1)
where EX denotes the set of edges in the subgraph of G induced by X .
There is not a general formula for the tree number but some results are known.
Yuster [9] proved that for any Hxed tree T with m edges and a suIciently large
graph G, the largest number of copies of T that can be packed into G is |E(G)|=m:
Truszczy&nski [8] gave upper bounds for (G) in relation to the girth g of the graph
obtaining, for g¿ 5, (G)6 |V |=g + 1. In the same paper he also showed that the
tree number of complete bipartite graphs and hypercubes equals their arboricity.
The class of graphs for which the equality a0(G) = (G) holds includes maximal
planar graphs [4], maximal planar bipartite graphs [7], and regular graphs of even
degree and maximum edge-connectivity [5]. However, the gap between the arboricity
and the tree number can be arbitrarily large, even for d-regular graphs with vertex
connectivity d. In [5], inHnite families {Gn}n¿1 of d-regular graphs with (Gn)=d are
given for which a(Gn)= (d+1)=2 and (Gn)¿ n=2d. Recently, suIcient conditions
to ensure that the equality holds for any d-regular graphs of order n and degree d¿n=3
are given in terms of higher edge-connectivities [3]. In this paper, we show that the
above equality holds for all graphs of order n and minimum degree ¿ n=2. We
prove the next theorem.
Theorem 1. Let G be a graph of order n¿ 157 and minimum degree ¿ n=2. Then,
a0(G) = (G):
Actually, we prove a stronger statement: G is the edge-disjoint union of a path and
a0(G)− 1 spanning trees.
Note that, when = n=2− 1, the graph G is not necessarily connected. The disjoint
union of two copies of Kn=2 has tree number (2Kn=2)=2n=4 and arboricity a(2Kn=2)=
n=4. A connected example is obtained by joining the two copies of Kn=2 by a set of
r ¡n=4 edges, producing a graph G with tree number (G)=2n=4− r and arboricity
a(G) = n=4. Thus, the equality a0(G) = (G) is another graph property for which
n=2 is a threshold value of the minimum degree.
The paper is organized as follows. In Section 2, we give preliminary results which
allow us to give a simple proof of Theorem 1 for ¿ n=2+1. Section 3 is devoted to
proving Theorem 1 for critical graphs, that is when n=26 6 n=2, which requires
a deeper analysis and speciHc tools.
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2. Dense graphs
In what follows G = (V; E) denotes a simple graph with minimum degree
 = (G)¿ n=2 and order n. For a subset X ⊂ V , GX denotes the subgraph
induced by X and EX the set of edges of GX . The complement of X is denoted
by LX . We use the following notation:
MX = |EX | − k(|X | − 1);
where k = |E|=(n− 1), which is a0(G) if |E| is a multiple of (n− 1) or a0(G) + 1
otherwise. In particular, 06MV = |E| − k(n− 1)6 n− 2.
With this notation, by the Nash-Williams formula (1), we have a(G)=k if and only
if MX 6 0 for all X ⊆ V .
Throughout the paper we deHne by = n− 2, and for any subset X ⊂ V we write
x = |X |, Lx = n− x and
x = x − 2k:
The following lemma provides upper bounds for MX in terms of a pair of simple
functions which will be often used.
Lemma 2. For every subset X ⊂ V , MX 6min{f1(|X |); MV − f2(|X |)}, where
f1(x) =
x
2
(x − 1) and f2(x) = Lx2(x − + 1):
Proof. We clearly have
MX = |EX | − k(x − 1)6
(
x
2
)
− k(x − 1) = x
2
(x − 1):
On the other hand,
MV = |E| − k(n− 1) = |E \ EX |+ |EX | − k(n− 1)
¿ (n− x)−
(
n− x
2
)
+MX − k(n− x)
= Lx(− k)−
(
Lx
2
)
+MX =MX +
Lx
2
(x − + 1):
We use an adapted version of the arboricity formula (1) stated in the next lemma.
Lemma 3. Let S be a subgraph of G with MV edges. The set E\E(S) of the remaining
edges of G decompose into k disjoint spanning trees if and only if, for each subset
X ⊂ V ,
MX 6 |EX ∩ E(S)|:
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Proof. Let G′=(V; E\E(S)). As |E(G′)|=k(n−1), G′ decomposes into k spanning trees
if and only if a(G′)= k. By formula (1), this is equivalent to |EX \E(S)|6 k(|X |−1)
for each subset X ⊂ V , which implies
MX = |EX \ E(S)|+ |EX ∩ E(S)| − k(|X | − 1)6 |EX ∩ E(S)|:
If the condition in the lemma given above is satisHed by all subsets of V when S is
a tree, then the graph satisHes a0(G)= (G)= k +1 (or a0(G)= (G)= k if MV =0).
Note that, when S is a path,
MV − 2| LX |6 |EX ∩ E(S)|; (2)
where the minimum number of edges of S in EX appears if every vertex of LX is
incident with two edges of the path.
We will use the following well-known result.
Theorem 4 (B&ollabas [1, Chapter 4, Theorem 2]). Let G be a connected graph of
order n¿ 3 such that for any two non-adjacent vertices u and v we have
d(u) + d(v)¿ c:
If c= n then G is Hamiltonian and if c¡n then G contains a path of length c and
a cycle of length at least (c + 2)=2.
The following lemma characterizes the sets for which inequality (2) may fail when S
is chosen to be a path. By the above theorem a graph with minimum degree ¿ n=2
has a Hamiltonian path.
Lemma 5. Let P be a path in G of length MV and let X ⊂ V such that MX ¿ |EX ∩
E(P)|. Then 2k + 16 |X |6 2k + 2 + (n− 2) and 6 n=2.
Proof. If x6 0 then f1(x) = (x=2)(x − 1)6 0 and Lemma 2 implies MX 6 0.
If x¿ 3+ then f2(x)=( Lx=2)(x−+1)¿ 2 Lx. Using again Lemma 2 and inequality
(2), we have
MX 6MV − f2(|X |)6MV − 2| LX |6 |EX ∩ E(P)|:
Therefore, in order to get MX ¿ |EX∩E(P)|, we must have 16 x6 2+. In particular,
= n− 2¿− 1. This proves the Lemma.
Corollary 6. Let G be a graph of order n and minimum degree ¿ n=2. Then, G
is the edge-disjoint union of a path and a0(G)− 1 spanning trees. In particular,
a0(G) = (G):
Proof. Let P be a path of G with MV edges. By Lemma 5, for each subset X ⊂ V (G),
we have
MX 6 |EX ∩ E(P)|:
Then, by Lemma 3, E \ E(P) decomposes into disjoint spanning trees.
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3. Critical graphs
According to Corollary 6 and the counterexample given in the introduction for =
n=2− 1, it only remains to prove Theorem 1 for graphs with minimum degree
n=26 6 n=2;
that is, when ∈{−1; 0; 1}. In such graphs, since
⌊
n
2(n− 1)
⌋
6 k6

(
n− 1
2
)
+ 
n− 1
 ;
we get
2k + 16 n6 4k + 3:
Let
F= {X ⊂ V : MX ¿max{0;MV − 2| LX |}}: (3)
The elements of F are called critical sets. Recall that, by Lemma 5, a critical set X
has x = |X | − 2k ∈{1; 2; 3}. A critical set A∈F is extremal if it satisHes
(i) MA=max{MX; X ∈F}= m,
(ii) |A|6 |B| for all B∈F such that MB= m.
Note that, if F = ∅ then, for any given path P of length MV , inequality (2) implies
MX 6max{0;MV −2| LX |}6 |EX ∩E(P)|. Therefore, by Lemma 3, G decomposes into
the given path P and k spanning trees, and the statement of Theorem 1 holds. In
particular, since F= ∅ when n= 2k + 1, we may consider
2k + 26 n6 4k + 3:
When F = ∅, a particular choice of the path P has to be made depending on an
extremal set.
A simple computation shows that, for every two subsets X; Y ⊆ V , we have
M(X ∪ Y ) = MX +MY −M(X ∩ Y ) + e(X \ Y; Y \ X ); (4)
where, for two disjoint subsets U;W ⊆ V , e(U;W ) denotes the number of edges with
exactly one end point in U and the other one in W .
Lemma 7. Let A be an extremal set of G. Then (GA)¿ k+1 and (G LA)¿ −k−1.
Proof. By equality (4), for each v∈A, we have MA=M(A\{v})− k+ e({v}; A\{v}).
Therefore, as A is an extremal set, e({v}; A \ {v})¿ k + 1.
Similarly, for each v∈ LA, we have M(A ∪ {v}) = MA− k + e({v}; A).
If e({v}; A)¿k + 1, then M(A ∪ {v})¿MA + 2¿max{0;MV − 2(| LA| − 1)}
which implies A ∪ {v}∈F, thus contradicting that A is an extremal set. Hence, we
have e({v}; A)6 k + 1 and (G LA)¿ − k − 1.
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Corollary 8. Let A be an extremal set. There is a path PA in G with |A| − 1 edges
in GA and at least | LA| − 2 edges in G LA.
Proof. Since G is connected, the result is clear if GA and G LA are both Hamiltonian.
Let us assume that this is not the case.
By Lemma 7, we have (GA)¿ k + 1 and (G LA)¿  − k − 1 = 12 (| LA| +  − ) −
1¿ 12 | LA| − 1, with = |A| − 2k ∈{1; 2; 3}. Using Theorem 4, if 6 2, then GA has a
Hamiltonian cycle C1 and there is a path P2 of length at least | LA|−2 in G LA. Let v1 and
v2 be the end vertices of P2 and suppose that e({vi}; A) = 0 for each i∈{1; 2}. Then,
for at least one of the two vertices, we have | LA|=2 + k6 6 e({vi}; LA)6 | LA| − 2 and
thus | LA|¿ 2k + 4, contradicting n6 4k + 3. Hence e({vi}; A)¿ 0 for some i∈{1; 2}
and we can connect P2 with C1 to obtain PA.
Suppose now that GA is not Hamiltonian. Therefore =3 and by Theorem 4 there is
a Hamiltonian path P1 in GA. Denote by u1 and u2 the end vertices of P1. Moreover,
G LA has a Hamiltonian cycle C2. Note that we must have n¿ 2k + 4, which implies
¿ k + 2. If e({ui}; LA) = 0 for each i∈{1; 2}, then by using the standard technique
from the proof of Dirac’s Theorem, we can construct a Hamiltonian cycle in GA, a
contradiction. Therefore e({ui}; LA)¿ 0 for some i∈{1; 2} and we can use this edge to
connect P1 with C2 to obtain PA. This completes the proof.
Recall, from Lemma 5, that, if X ∈F, then 2k + 16 |X |6 2k + 2 + . Moreover,
by Lemma 2, we have
MX 6


k if x = 1;
MV − | LX | if x = 2;
MV − 32 | LX | if x = 3:
(5)
Lemma 9. Let X ∈F. The average degree dˆ LX of the vertices in LX satis?es
dˆ LX 6 + 2−
x
2
− 1| LX | :
Proof. From equality (4), MV =MX +M LX − k + e(X; LX ) = MX − k| LX |+ |E \ EX |.
If X ∈F, then MX ¿MV − 2| LX | + 1 which by the above equality implies |E \
EX |6 (k + 2)| LX | − 1. On the other hand, using the average degree of the vertices in
LX , we get |E \ EX |¿ | LX |dˆ LX − ( | LX |2 ). Combining the two inequalities given above we
get
dˆ LX 6 (2k + 3 + | LX |)=2− 1=| LX |=
1
2
(n+ 3− x)− 1| LX |
=
1
2
(2+ + 3− x)− 1| LX | :
Thus, we obtain the desired result.
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Lemma 10. Let A be an extremal set and let X ∈F with '=|X \A|. Then, for k ¿ 11,
either '6 x or ¿ k−1. Moreover, if either '=x or k−1, then MX 6 x(x+1)=2.
Proof. From the proof of Lemma 7, we have e(X \A; X ∩A)6 e(X \A; A)6 '(k+1).
Thus,
MX + k(|X | − 1) = |EX |6
(
'
2
)
+
( |X | − '
2
)
+ '(k + 1);
that is,
2MX 6 (|X | − ' − 1)(|X | − ' − 2k) + '(' + 1)
= (|X | − ' − 1)(x − ') + '(' + 1):
Hence, for all x + 16 '6 k − 2 (k ¿ 11), we have MX 6 0. Moreover, if either
' = x or k − 1, then
MX 6 x(x + 1)=2:
Given two subsets X; Y ⊂ V we denote r = |X ∩ Y | and s= |X ∪ Y | and we deHne
f(r; s) = f2(s)− f1(r):
Using Lemma 2 and equality (4) we have
MX +MY − f1(r) + f2(s)6MX +MY −M(X ∩ Y ) + f2(s)
6M(X ∪ Y ) + f2(s)6MV:
Thus, MX +MY + f(r; s)6MV . In particular, if A is an extremal set we obtain
2MX 6MX +MA6MV − f(r; s): (6)
We are ready to prove the main result.
Theorem 11. Let G be a graph of order n¿ 157 and minimum degree n=26
6 n=2. Then, G is the edge-disjoint union of a path and a0(G) − 1 spanning
trees.
Proof. Let P be a path in G of length MV . Let us deHne
FP = {X ⊂ V : MX ¿ |EX ∩ E(P)|} ⊂F:
By Lemma 3, if FP=∅ then G decomposes into the path P and k spanning trees. We
will show that there is always a path P such that FP = ∅.
Assume that F = ∅. Let A be an extremal set and write =|A|−2k. Let P1 be a path
of length MV with min{|A| − 1;MV} edges in GA. Such a path exists by Corollary 8.
By Lemma 2 and (5), if =1, then MA6min{k;MV−f2(|A|)}6min{|A|−1;MV}.
If 26 6 3, then MA6min{|A| − 1;MV − | LA|}6min{|A| − 1;MV}. In all cases we
have A ∈FP1 . Hence, if |F|= 1 we have FP1 = ∅ and we are done.
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Assume that |F|¿ 2 and let X ∈F \ {A}. By the choice of P1 we have
|EX ∩ E(P1)|¿ |EA ∩ E(P1)| − 2'′¿min{|A| − 2'′ − 1;MV − 2'′}; (7)
where '′ = |A \ X |. Note that, if '′ = 0, then MX 6MA6 |EA ∩ E(P)|6 |EX ∩ E(P)|
and X ∈FP1 . Therefore, we must consider only sets X ∈F with |A \ X |¿ 0.
We consider two cases.
Case 1: 2k+26 n6 2k+12. We write n=2k+l, 26 l6 12. Let L={x∈V : d(x)¡
+ l+ 4}.
Let us show that every set in F contains LL and also that L is not very large.
Suppose that X ∈F and LX ∩ LL = ∅. Then,
dˆ LX ¿
1
| LX | ((|
LX | − 1) + (+ l+ 4)) = + l+ 4| LX | ¿+ 2−
x
2
− 1| LX | ;
contradicting Lemma 9. Therefore,
LL ⊂
⋂
X∈F
X: (8)
Suppose now that |L|¿ 2(l+ 3). Then, as n¿ 157 and 6 k + l,
2|E| =
∑
x∈V
d(x)6 (n− |L|)(n− 1) + |L|(+ l+ 3)
6 2k(n− 1)− (l+ 6)(n− 1) + 2(l+ 3)(+ l+ 3)¡ 2k(n− 1);
contradicting that MV ¿ 0.
Case 1.1: MV ¡n− |L|. Since all vertices in G LL have degree at least
(+ l+ 4)− |L|¿ n− 2|L|
2
+ l+ 3¿
| LL|
2
;
the graph G LL is Hamiltonian. Therefore, there is a path P2 of length MV with all its
edges in G LL. By (8), for each X ∈F, we have |EX ∩E(P2)|=|E LL∩E(P2)|=MV ¿MX .
Hence, FP2 = ∅.
Case 1.2: MV ¿ n− |L|. Let us show that, in this case, we have FP1 = ∅. Suppose
on the contrary that X ∈FP1 . Since ' = |X \ A|6 n − |A|6 2k + 12 − |A|¡k − 1
(for k ¿ 11), Lemma 10 implies '6 x. Therefore, 16 '′ = |A \X |= − x + '6 .
By (7),
MX ¿min{2k − ;MV − 2+ 1}¿ 2k − l− 2− 4:
By (6) we have 2MX 6MV−f(r; s), with r=|X ∩A| and s=|X ∪A|. If r6 2k+1, then
f(r; s)¿−f1(r)¿− k. Therefore, MV ¿ 2MX − k¿ 3k − 2l− 4− 8, contradicting
MV 6 n − 26 2k + 10 (k ¿ 54). Hence we must have r = 2k + 2, which implies
|A| = 2k + 3, '′ = 1 and n is an odd integer. By (5) and the extremality of A, if
| LA|¿ 2,
MX 6MA6MV − 32 | LA|6min{MV − 2; |A| − 3}:
By (7), this contradicts X ∈FP1 . Therefore, X ∈FP1 implies | LA|=0, |X |=2k+2 and by
Lemma 2, MX 6min{2k+1;MV −1}=MV −1. Thus, by (7) MX =MV −1. From the
deHnition of M, e(X; A\X )= and A\X is incident with two edges of the path. We show
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that, in this situation, namely, n=2k+3 (l=3), MV ¿ n−|L|¿ 2k+3−(2l+5)=2k−8,
there is only one vertex with degree = (n− 1)=2: Suppose that there were more than
one, then
2k − 8 + k(2k + 2)6MV + k(|E| − 1) = |E|6
(
2k + 1
2
)
+ 2(k + 1);
a contradiction for k¿ 11. Therefore, if n=2k +3 and MV ¿ 2k − 8 we may choose
the path P1 with at most one edge incident with the only vertex of minimum degree
and x ∈FP1 .
Case 2: 2k +136 n6 4k +3. Let X ∈F and r= |A∩X |. From inequality (6), for
66 r6 2k − 5, we have
MV ¿MA+MX + f(r; s)¿ 2− f1(r)¿ 5k − 13¿n− 2;
a contradiction. Therefore, either r6 5 or ¿ 2k − 4. Let
F1 = {X ∈F : |X ∩ A|6 5} and F2 =F \F1:
By Lemma 10, if X ∈F2 \ {A} then
|A \ X |= |A| − |X |+ |X \ A|= − x + '6 : (9)
Case 2.1: F1 = ∅. Let us show that FP1 = ∅. By (9), for each X ∈F, we have
|EX ∩ E(P1)|¿min{|A| − 1;MV} − 2:
By Lemma 2, since | LA|¿ 4,
MX 6MA6MV − f2(|A|)6MV − 2:
On the other hand, by inequality (4), if x = 1 or = 1, then
MX 6 k6 |A| − 76 |A| − 2− 1
and if x = 3 (and similarly if = 3), then
MX 6MV − (3=2)| LX |6 n− 2− (3=2)| LX |= |X | − 2− (1=2)| LX |
6 |X | − 76 |A| − + x − 76 |A| − 2− 1:
Therefore, MA¿MX ¿ |A| − 2− 1 would imply = x =2 and r= |A∩X |6 2k +1
and s= |A ∪ X |¿ 2k + 3. Inequality (5) leads to
4k − 4 = 2|A| − 46MA+MX 6MV − f(r; s)
6 n− 2 + k − (3=2)(n− 2k − 3) = 4k − (1=2)(n− 5);
a contradiction. Hence, in all cases we have X ∈FP1 .
Case 2.2: F1 = ∅. Let B∈F1 with MB=maxX∈F1 MX . We have
n¿ |A|+ |B| − |A ∩ B|¿ 4k − 3:
We claim that
if X ∈F2 \ {A} then MX 6 k + 4: (10)
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Indeed, by inequality (4), if either x = 1 or  = 1, then MX 6 k, and if x = 3 (and
similarly if = 3), then
MX 6MV − (3=2)| LX |6 n− 2− (3=2)| LX |= (3=2)|X | − (1=2)n− 26 k + 4:
Therefore, MA¿MX ¿k+4 implies = x=2. By Lemma 10, |X \A|= |A \X |6 2.
Moreover, if |A \X |=2 then MX 6 3¡k +4. Hence we should have |A \X |=1. By
inequality (5),
n− 2¿MV ¿MA+MX + f(|A ∩ X |; |A ∪ X |)
¿ 2k + 10 + (1=2)(3(n− (2k + 3))− 2k)¿ (3=2)n− 2k + 5;
which implies n6 4k − 4, a contradiction. This proves (10).
Case 2.2.1: MV ¿MA+MB+ 34. We have MB6 | LA| − 14, since otherwise,
n− 2¿MV ¿ 2MB+ 34¿ 2| LA|+ 8 = 2n− 2|A|+ 8;
and then n6 4k − 4, a contradiction. Therefore, there is an integer h satisfying the
inequalities
min{MA+ 6; |A| − 1}6 h6 |A| − 1;
MB+ 126MV − h− 16 | LA| − 2:
By Corollary 8, there is a path P3 with h edges in GA and MV − h− 1 edges in G LA.
Let us show that FP3 = ∅. Clearly A ∈FP3 .
By Lemma 10 and (10), for each X ∈F2 \ {A}, we have
|EX ∩ E(P3)|¿ |EA ∩ E(P3)| − 2|A \ X |¿min{MA+ 6; |A| − 1} − 6¿MX:
On the other hand, if X ∈F1, then | LA \ X |6 n− |A| − |X |+ |A ∩ X |6 6. Therefore,
|EX ∩ E(P3)|¿ |E LA ∩ E(P3)| − 2| LA \ X |¿MB¿MX:
In both cases we have X ∈FP3 .
Case 2.2.2: MV ¡MA+MB+ 34. Note that, if 26 |A ∩ B|6 5, then MV ¿MA+
MB−f1(2)=MA+MB+ k−1. On the other hand, if |A∩B|=1 and |A∪B|¡n, then
MV ¿MA+MB+f2(n−1)¿MA+MB+k−2. Finally, suppose that |A∩B|=0. Since
¿ (n−1)=2¿ (|A|+ |B|−1)=2 is an integer, we have ¿min{|A|; |B|}. This implies
that either e(A; LA)¿ |A| or e(B; LB)¿ |B|. Moreover, we have 06 n− |A ∪ B|6 1. By
(3), if |A ∪ B|= n, then
MV =M(A ∪ B)¿MA+MB− k + 2k + 1¿MA+MB+ k + 1
and if |A ∪ B|= n− 1, then |A|= |B|= 2k + 16 , and we have
MV ¿M(A ∪ B)− k + ¿M(A) + M(B)− 2k + (3=2)¿MA+MB+ k:
Therefore, since k¿ 36, the assumption MV ¡MA+MB+34 implies that A∩B={x0}
and A∪B=V . In particular, n¿ 4k+1. Moreover, by (3), we have MV =MA+MB+
e(B \ A; A \ B) and c = e(A \ B; B \ A)6 k − 3. Therefore, we have ¡min{|A|; |B|}.
By checking the Hve possibilities, we are left with either  + 1 = |A| = |B| = 2k + 1
or  + 1 = |A| = |B| = 2k + 2. Since there are at least |A| − c vertices in A whose
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neighborhood is contained in GA, we have d(x0)¿ |A| − c. Thus, the minimum degree
of GA is larger than  − c¿ |A|=2. Hence, GA is Hamiltonian. Similarly, GB is also
Hamiltonian.
Let P4 be a path with at least MA edges in GA and at least MB edges in GB
containing x0. We clearly have A ∈FP4 and B ∈FP4 .
Let X ∈F and deHne X1 = X ∩ A and X2 = X ∩ B. We have
MX 6
( |X1|
2
)
+
( |X2|
2
)
+ c − k(|X | − 1)
=
1
2
(|X1|(|X1| − 2k − 1) + |X2|(|X2| − 2k − 1)) + c + ,k; (11)
where , = 2 if x0 ∈X and , = 1 otherwise. Suppose that |X2|6 |X1|, the other case
being similar. By (11), if 26 |X2|6 |X1|6 2k − 1, then MX 6− (4k − 2)+ c+2k6
c + 2− 2k ¡ 0. In particular, |X2|¡ |X1|.
Let us show that |A\X |¡6 2. Suppose on the contrary that |A\X |¿ . If x0 ∈X ,
then 26 |X2|¡ |X1|6 2k. By (11) we have MX 6− 3k +1+ c+2k = c+1− k ¡ 0.
Similarly, if x0 ∈ X , then 16 |X2|¡ |X1|6 2k and (11) gives MX 6− 2k + c + k =
c − k ¡ 0.
If |A \ X |= 0 then |EX ∩ E(P4)|¿ |EA ∩ E(P4)|¿MA¿MX .
Suppose that |A\X |=1 and let u be the vertex in A\X . Since the minimum degree
in GA is at least − c, we have e(u; X1)¿ − c. Using (3), we have
MA=MX1 − k + e(u; X1)¿MX1 + − k − c¿MX1 + 2:
If X = X1, then |X2|6 2 and, using (3) again, MX 6MX1 + M(X2 \ X1) − k + c6
MX1−k+c¡MX1. Therefore, |EX ∩E(P4)|¿ |EA∩E(P4)|−2¿MA−2¿MX . Thus,
in this case, FP4 = ∅. This completes the proof.
References
[1] B. B&ollobas, Graph Theory, Springer, Berlin, 1979.
[2] F.R.K. Chung, On partition of graphs into trees, Discrete Math. 23 (1978) 23–30.
[3] A. Guti&errez, A.S. Llad&o, S.C. L&opez, Higher edge connectivities and tree decompositions in regular
graphs, Discrete Math. 214 (2000) 245–250.
[4] G.R. Kempen, Orienting planar graphs, Discrete Math. 14 (1976) 337–341.
[5] A.S. Llad&o, G. Ringel, O. Serra, On the tree number of regular graphs, Discrete Math. 165/166 (1997)
587–595.
[6] C.St.J.A. Nash-Williams, Decomposition of Hnite graphs into forests, J. London Math. Soc. 39
(1964) 12.
[7] G. Ringel, Two trees in maximal planar bipartite graphs, J. Graph Theory 17 (1993) 755–758.
[8] M. Truszczy&nski, The tree number of a graph with a given girth, Period. Math. Hungar. 19 (1988)
273–286.
[9] R. Yuster, Packing and decomposition of graphs with trees, J. Combin. Theory Ser. B 78 (1) (2000)
123–140.
